Let F be a field and let D be an F-central division algebra of degree n . We present a short, elementary proof of the following statement: There is an n -1 -dimensional F-subspace V of D such that for every nonzero element v of V , Tr(ti) = Tr(t;-1) = 0 . We then indicate how one can use this result to obtain the basic structural results on division algebras of degree three and four (results of Wedderburn and Albert, respectively).
In this note we present a simple proposition about reduced traces in division algebras and show how it can be used to obtain easily the basic structure theorems for division algebras of degree three and four. The proposition is implicit in the paper [2] of Brauer but his argument uses the more sophisticated theory of Brauer factor sets.
Let F be a field and if D is an T7-central division algebra let Tr: D -► F denote the reduced trace.
Proposition. Let D be an F-central division algebra of degree n . Let K be a maximalsubfield. Then:
(1) There is an element d £ Dx such that Tr(kd) = 0 for all k£K.
(2) Let d be as in (1) . There is an F-subspace V of K such that dim V = n-\ and Tr(k~ld) = Tr(d~lk) = 0 for all keV -{0} .
In particular there is an (n -\)-dimensional subspace W of D such that Tr(io) = Tr(uT ' ) = 0 for all w e W -{0}. Finally if we let W = d~l V, then Tr(tii') = Tr(wr' ) = 0, for all w £ W.
Received by the editors July 20, 1988. .4] showed that one can use the result of this corollary to prove that division algebras of degree three are cyclic (a theorem of Wedderburn [3] ). However the proof in this case is not as simple as that for algebras of degree four. We therefore proceed to show how one can use ideas similar to those in the proposition to obtain Wedderburn's theorem. For later use we note that if U and V are two-dimensional F-subspaces of K, then there is an element k e K such that kU -V : There exist Ffunctionals / and g in K* such that U = ker(/) and V = ker(g). Because K* is a one-dimensional AT-space there is an element k e Kx such that kg = /. But then kU -V. To motivate the proof of the theorem, we first observe that if there is a cyclic maximal subfield L = F(8) with xLx~ = L, then (dx) = NL¡F (8) Because x3, (0x)3, (Öx2)3 G F, it follows that N(x) = a, N(8x) = (Öx)3 and N(8x2) = (dx2)3. Moreover 7V"(0x2) = N(8x)N(x) and hence (0x2)3 = a(8x)3. It follows that x0x20x = adxd, and so x0x_10 = 0x0x_1 .
So it suffices to find d£D-K such that (0x)3, (0x2)3 G F . Now for any y G D, we define K = {k £ ÄT|Tr(y_1A:) = 0}. It is then easy to see that if keK, then Kky = kKy .
By the remark following the proposition there is an element d e D-K such that Tr(kd) = 0 for all k £ K. We claim there is an element k e Kx such that Kkd D Fx + Fx . To see this note that either Kd -K (in which case the claim is proved) or [Kd: F] = 2. In this second case because Kd and Fx + Fx are two-dimensional subspaces of K, there is an element keK such that kKd = Fx + Fx . Since kKd = Kkd , we have proved the claim. Letting e = kd,v/t have Tr(0x) = Tr((0x)_1) = Tr(0x2) = Tr((0x2)-1) = 0. Hence (dx) , (8x ) e F, so we are done.
